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I. The basic starting point



• The system can be in different states over time.

• The states of the system over time constitute a random process.
• We assume that the state of the system depends on the internal variables (factors) 

of the system and usually includes a random component caused by external, 
unpredictable influences.

A system is a whole composed of parts that 
interact with each other. Information, matter, 
and energy can flow between parts of a system. 
(Wikipedia)

• The state of the system is a measurable (observable)                                    
quantity Y, which can have several components - it is an element of the space Rn.
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of the system and usually includes a random component caused by external, 
unpredictable influences.

A system is a whole composed of parts that 
interact with each other. Information, matter, 
and energy can flow between parts of a system. 
(Wikipedia)

• The state of the system is a measurable (observable)                                    
quantity Y, which can have several components - it is an element of the space Rn.

• The behavior of the system is characterized by a random process of its states {Yt}t ≥ 0

• System behaviour is usually monitored at discrete moments Yt0 , Yt1 , . . . , Yti , · · · ⇢ Rn

• A system "behaves well" when the corresponding process of its states "behaves 
well".

• A process behaves well if it is predictable.
• If the process is predictable, we can find its model.



Everything that can go wrong will go wrong.                                                                                          
                                                  [Edward A. Murphy, 1978]

Schnatterly's summary of all the implications:
                                                              If something can't go wrong, it will.

(The real life application of the second „law“ of thermodynamics, determining the natural 
direction in which natural processes proceed.)



Changes to the system will usually 
result in a change to the model

➡ its behavior will change and its 
predictability will be broken.

Everything that can go wrong will go wrong.                                                                                          
                                                  [Edward A. Murphy, 1978]

Schnatterly's summary of all the implications:
                                                              If something can't go wrong, it will.

(The real life application of the second „law“ of thermodynamics, determining the natural 
direction in which natural processes proceed.)

British mathematician Augustus De Morgan 
(pictured circa 1860) wrote in 1866 that 
"whatever can happen will happen".

British stage magician Nevil Maskelyne wrote in 
1908 that, during special occasions, "everything 
that can go wrong will go wrong".

https://en.wikipedia.org/wiki/Augustus_De_Morgan
https://en.wikipedia.org/wiki/Nevil_Maskelyne_(magician)


II. What about it?



off-line detection: consists in finding points of change in "historical" data. This means 
that we have available observations from some period ( 0, T ) and we find out whether 
one or more changes in the behavior of the process (violation of homogeneity) 
occurred in this period.

The most frequently used tools are: maximum likelihood method, Bayesian approach, 
simulation, permutation methods and others

If we want to keep the running system under control, we basically have two 
options:

Ronald Fischer (1890 - 1962)

To consult the statistician 
after an experiment is 

finished is often merely to 
ask him to conduct  

a post mortem 
examination.  

He can perhaps say what 
the experiment died of. 



off-line detection: consists in finding points of change in "historical" data. This means 
that we have available observations from some period ( 0, T ) and we find out whether 
one or more changes in the behavior of the process (violation of homogeneity) 
occurred in this period.

The most frequently used tools are: maximum likelihood method, Bayesian approach, 
simulation, permutation methods and others

If we want to keep the running system under control, we basically have two 
options:

The most commonly used tool is statistical process control (SPC) and control charts

on-line detection:

it is characterized                                           
by the fact that the  
values of the state  
variables are currently arriving in time based on the monitoring ring, and our task is to 
detect a change from the previous behavior as soon as possible, if it occurs.



III. On-line problem



1.    Control the system automatically                                                           (automatically respond to changes in behavior 
and maintain the system in a steady state)                                                                     
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2.   Detect a change in behavior and take action - return the system to an in-control 
      state.

inspection

Systemoperatorsignal action system 
output

measured output

reference control 
chart
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We assume  d-dimensional random process X(t), t ≧ 0 , which follows some model     

X(t) = h(t) + ξ(t), t ≧ 0, where h(t) is d-dimensional real function, generally un-

known, and ξ(t) is some d-dimensional centered weak stationary random process.

Then we suppose there exists an unknown time point Τ >0  such that for T ≦ t the 

process X(t) follows a model X(t) = g(t) + ψ(t) with some (usually unknown) function 
g(t) and some random process ψ(t).

h(t) is known => Y(t) = X(t) – h(t)  we can use classical methods (e.g. SPC)



We assume  d-dimensional random process X(t), t ≧ 0 , which follows some model     

X(t) = h(t) + ξ(t), t ≧ 0, where h(t) is d-dimensional real function, generally un-

known, and ξ(t) is some d-dimensional centered weak stationary random process.

Then we suppose there exists an unknown time point Τ >0  such that for T ≦ t the 

process X(t) follows a model X(t) = g(t) + ψ(t) with some (usually unknown) function 
g(t) and some random process ψ(t).

h(t) is known => Y(t) = X(t) – h(t)  we can use classical methods (e.g. SPC)

h(t) is unknown  =>  X(t) is nonstationary and we cannot use classical methods

For detection of a change, we need some method for h(t) identification.



2.   Detect a change in behavior and take action - return the system to a in-control 
      state. This always requires a statistical approach - SPC, SDS, ….

inspection

Systemoperatorsignal action system 
output

measured output

reference control 
chart

1.    Control the system automatically                                                           (automatically respond to changes in behavior 
and maintain the system in a steady state)                                                                      Automatic control reacts to a specific 
time series and usually uses a deterministic approach.

System

senzor

controllermeasured  
error

system 
input
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output

measured output

reference

3.   Monitoring Process and Anomaly (Change) Detection based on machine learning

monitor

Systemcontrol  
unit

signal action system  
state

learning change 
detection

data pre- 
processing

datastream 

validation  
unit

change indicators

new training set



IV. Entropy-based detection



Shanon-based Entropies are data-window and probabilistic based computations 
that are widely used for time series analyses. 

• Sample Entropy is a signal complexity evaluation algorithm (floating window 
based quantification of signal complexity, probability-based approach).  

  [S. M. Pincus (1991): Approximate entropy as a measure of system complexity. Proc. Nat.      
    Acad. Sci.  U.S.A., 88]

• Entropy Learning is a Shannon-inspired neural network learning algorithm 
based on minimizing complexity (entropy) of neural weights in a network.
[Gajowniczek, K.; Orłowski, A.; Ząbkowski, T. (2018): Simulation Study on the Application 
of the Generalized Entropy Concept in Artificial Neural Networks. Entropy, 20 ] 
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[Gajowniczek, K.; Orłowski, A.; Ząbkowski, T. (2018): Simulation Study on the Application 
of the Generalized Entropy Concept in Artificial Neural Networks. Entropy, 20 ]

Learning Entropy is a non-Shannon based novelty detection algorithm based on 
observation of unusual learning effort of incrementally learning systems. LE is a 
relative measure of novelty (information) recognized as unusual learning effort of 
pre-trained learning system on individual data samples. 

[I. Bukovsky (2013):Learning Entropy: Multiscale Measure for Incremental Learning. Entropy, 15  
 G. Dohnal, I. Bukovsky (2020): Novelty detection based on learning entropy.  ASMBI, 36]

Entropy based detection



The function  y(t + δ) = f(x(t),w(t))  such that for any time t ≧ 0 and a given 
horizon δ >0  minimize the error |X(t + δ) – f(x(t),w(t))|  we call a predictor.

~

For a change detection, we can use as a predictor a neural network based on  
so called high order neural unit (HONU):

LNU:                           y(t) = x(t)w(t)                     (linear)~

QNU:                          y(t) = xT(t)W(t)x(t)              (quadratic) ~

w(t)  is  n-dimensional vector of weights (adaptive parameters):

w(t+1) = w(t) + Δw(t),      where 4w(t) = �µ

2

@e(t)2

@w
static gradient descent 
(GD) algorithm

4w(t) = µe(t)x(t)

4W(t) = µe(t)x(t)x(t)T

LNU:  

QNU: 

Apply some adaptive learning system in a form of neural network:

Learning entropy based detection



{x(l-M), … , x(l-1), x(l)}  => {w(l-M), … , w(l-1), w(l)}
{Δw(l-M), … , Δw(l-1)}Δw(k) = w(k+1) - w(k)   =>

|4w̄(l)| = 1

M

MX

i=1

|4w(l � i)|

Learning entropy based detection

Note: We use Δw(t) for detection rather than prediction error due to its higher 
sensitivity.

Until  X(t) = h(t) + ξ(t), the predictor learns and {Δw(t)} stabilises („settles down“)

 =>  the change can be detected using classical methods applied to the process {Δw(t)}.

After some change, when  X(t) = g(t) + ψ(t), the process {Δw(t)} starts to oscillate  
(the predictor tries to adapt to a new model) 

=> Stability is crucial

where                           is nA-dimensional vector of detection sensitivities.A = (↵1, . . . ,↵nA)

Learning Entropy: EA(k) =
1

nAnw

nAX

j=1

nwX

i=1

I(|4wi(k)|>↵j |4w̄i(k)|)



{X(t), t ≧ T} is no more h-stationary  =>  {Δw(t)} loses its stationarity

The change is simulated in the time t = 2000, from which onwards is   
a = 0, d = 0 and  e = -0.7. 

For illustration, we use data generated by the process

with parameters a = 2,  b= -1, c = 3, d = -1, e = 0 for t ≧ 0 and random 
fluctuations ξ ∽ N(0, 1/3).

X(t) = a sin4 t+ b cos3 t+ c cos2 t+ d sin t+ e+ ⇠
<latexit sha1_base64="AKgzLchqJVB3POlS0x9rx0RcPlg=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCZbDM1KJuhIIblxXsBTptyaRpG5rJDMkZsZQ+hRtfxY0LRdyKO9/G9LLQ1gOBj/8/h5PzB7HgGlz321paXlldW09tpDe3tnd27b39io4SRVmZRiJStYBoJrhkZeAgWC1WjISBYNWgfz32q/dMaR7JOxjErBGSruQdTgkYqWWf1rJwckV8zWWzAE7g00g3z8ChE8iD0x5bGBzm+A+8ZWfcnDspvAjeDDJoVqWW/eW3I5qETAIVROu658bQGBIFnAo2SvuJZjGhfdJldYOShEw3hpOzRvjYKG3ciZR5EvBE/T0xJKHWgzAwnSGBnp73xuJ/Xj2BzmVjyGWcAJN0uqiTCAwRHmeE21wxCmJggFDFzV8x7RFFKJgk0yYEb/7kRajkc56b824LmeL5LI4UOkRHKIs8dIGK6AaVUBlR9Iie0St6s56sF+vd+pi2LlmzmQP0p6zPH+4Dne8=</latexit><latexit sha1_base64="AKgzLchqJVB3POlS0x9rx0RcPlg=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCZbDM1KJuhIIblxXsBTptyaRpG5rJDMkZsZQ+hRtfxY0LRdyKO9/G9LLQ1gOBj/8/h5PzB7HgGlz321paXlldW09tpDe3tnd27b39io4SRVmZRiJStYBoJrhkZeAgWC1WjISBYNWgfz32q/dMaR7JOxjErBGSruQdTgkYqWWf1rJwckV8zWWzAE7g00g3z8ChE8iD0x5bGBzm+A+8ZWfcnDspvAjeDDJoVqWW/eW3I5qETAIVROu658bQGBIFnAo2SvuJZjGhfdJldYOShEw3hpOzRvjYKG3ciZR5EvBE/T0xJKHWgzAwnSGBnp73xuJ/Xj2BzmVjyGWcAJN0uqiTCAwRHmeE21wxCmJggFDFzV8x7RFFKJgk0yYEb/7kRajkc56b824LmeL5LI4UOkRHKIs8dIGK6AaVUBlR9Iie0St6s56sF+vd+pi2LlmzmQP0p6zPH+4Dne8=</latexit><latexit sha1_base64="AKgzLchqJVB3POlS0x9rx0RcPlg=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCZbDM1KJuhIIblxXsBTptyaRpG5rJDMkZsZQ+hRtfxY0LRdyKO9/G9LLQ1gOBj/8/h5PzB7HgGlz321paXlldW09tpDe3tnd27b39io4SRVmZRiJStYBoJrhkZeAgWC1WjISBYNWgfz32q/dMaR7JOxjErBGSruQdTgkYqWWf1rJwckV8zWWzAE7g00g3z8ChE8iD0x5bGBzm+A+8ZWfcnDspvAjeDDJoVqWW/eW3I5qETAIVROu658bQGBIFnAo2SvuJZjGhfdJldYOShEw3hpOzRvjYKG3ciZR5EvBE/T0xJKHWgzAwnSGBnp73xuJ/Xj2BzmVjyGWcAJN0uqiTCAwRHmeE21wxCmJggFDFzV8x7RFFKJgk0yYEb/7kRajkc56b824LmeL5LI4UOkRHKIs8dIGK6AaVUBlR9Iie0St6s56sF+vd+pi2LlmzmQP0p6zPH+4Dne8=</latexit><latexit sha1_base64="AKgzLchqJVB3POlS0x9rx0RcPlg=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCZbDM1KJuhIIblxXsBTptyaRpG5rJDMkZsZQ+hRtfxY0LRdyKO9/G9LLQ1gOBj/8/h5PzB7HgGlz321paXlldW09tpDe3tnd27b39io4SRVmZRiJStYBoJrhkZeAgWC1WjISBYNWgfz32q/dMaR7JOxjErBGSruQdTgkYqWWf1rJwckV8zWWzAE7g00g3z8ChE8iD0x5bGBzm+A+8ZWfcnDspvAjeDDJoVqWW/eW3I5qETAIVROu658bQGBIFnAo2SvuJZjGhfdJldYOShEw3hpOzRvjYKG3ciZR5EvBE/T0xJKHWgzAwnSGBnp73xuJ/Xj2BzmVjyGWcAJN0uqiTCAwRHmeE21wxCmJggFDFzV8x7RFFKJgk0yYEb/7kRajkc56b824LmeL5LI4UOkRHKIs8dIGK6AaVUBlR9Iie0St6s56sF+vd+pi2LlmzmQP0p6zPH+4Dne8=</latexit>

Learning entropy based detection - example

X(t) = 2 sin4 t� cos3 t+ 3 cos2 t� sin t+ ⇠, 0  t < 2000, ⇠ ⇠ N(0, 1/3)
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X(t) = � cos3 t+ 3 cos2 t� 0.7 + ⇠, 2000  t, ⇠ ⇠ N(0, 1/3)
<latexit sha1_base64="QiC567zCpuaV2eDikg99KEV6+ZY="></latexit><latexit sha1_base64="QiC567zCpuaV2eDikg99KEV6+ZY="></latexit><latexit sha1_base64="QiC567zCpuaV2eDikg99KEV6+ZY="></latexit><latexit sha1_base64="QiC567zCpuaV2eDikg99KEV6+ZY="></latexit>
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1) In the Phase I: Observe {x(l-M), … , x(l-1), x(l)} and compute {w(l-M), … , 
w(l-1), w(l)}, evaluate the centroid |Δw(l)| and sample correlation matrix Σ 

Hotelling’s t-square test:

2) For k = l+1, … evaluate the predictor y(k) = f (x(k-1), w(k-1))  and compute  
    the Hotelling’s t2-statistics t2 = (|4w̄(l)|�4w(k))T⌃�1(|4w̄(l)|�4w(k))

3) t2 ⇠ T 2
n,M�1 =

n(M � 1)

M � n
Fn,M�n

Δw1

Δw2

Learning entropy based detection - example
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Learning entropy based detection - example

Hotelling’s t-square test:
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1) In the Phase I: Observe {x(l-M), … , x(l-1), x(l)} and compute {w(l-M), … , 
w(l-1), w(l)}, evaluate the centroid |Δw(l)| and sample correlation matrix Σ 

Hotelling’s t-square test:
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3) t2 ⇠ T 2
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Learning entropy based detection - example



V. Stability



We assume  d-dimensional random process X(t), t ≧ 0 , which follows some model     

X(t) = h(t) + ξ(t), t ≧ 0, where h(t) is d-dimensional real function, generally un-

known, and ξ(t) is some d-dimensional centered weak stationary random process.

Then there comes a moment Τ > 0  and for t ≧ T the process X(t) follows a new 

model X(t) = g(t) + ψ(t) with some (usually unknown) function g(t) and some random 
process ψ(t).

Until  X(t) = h(t) + ξ(t), the predictor learns and {Δw(t)} stabilises („settles down“)

After the change occurs, the process {Δw(t)} starts to oscillate (the predictor tries 
to adapt to a new model) 

=> Stability of the predictor is crucial

In online adaptive learning it is crucial that the weights of a neural network do not grow 
uncontrollably. The stability of the weights ensures that the system is usable in real time 
and does not diverge.

Stability of learning entropy based detection



31

[Ivo Bukovsky, Noriasu Homma (2017): An Approach to Stable Gradient Descent Adaptation of Higher-
Order Neural Units. IEEE Trans. on Neural Networks and Learning Systems, vol. 28, no. 9, pp. 2022-2034]

Stable adaptation of recurrent HONU (r=2); the bottom plot monitors the stability (i.e. the 
spectral radius) of the weight-update system using GD.

One epoch of gradient descent (GD) adaptation of recurrent QNU to predict MacKey-Glass equation (training 
data vs. neural output) [M. C. Mackey, L. Glass (1977): Oscillation and chaos in physiological control systems. 
Science, vol. 197, no. 4300, pp. 287–289]

Role of the stability of a weight-update system - example
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… instability of weights originates at around of k=650 

Role of the stability of a weight-update system - example

[Ivo Bukovsky, Noriasu Homma (2017): An Approach to Stable Gradient Descent Adaptation of Higher-
Order Neural Units. IEEE Trans. on Neural Networks and Learning Systems, vol. 28, no. 9, pp. 2022-2034]

One epoch of gradient descent (GD) adaptation of recurrent QNU to predict MacKey-Glass equation (training 
data vs. neural output) [M. C. Mackey, L. Glass (1977): Oscillation and chaos in physiological control systems. 
Science, vol. 197, no. 4300, pp. 287–289]
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Unstable adaptation (detail of previous figure): the stability became significantly 
violated well before unusually large oscillations and divergence of neural output. 

[Ivo Bukovsky, Noriasu Homma (2017): An Approach to Stable Gradient Descent Adaptation of Higher-
Order Neural Units. IEEE Trans. on Neural Networks and Learning Systems, vol. 28, no. 9, pp. 2022-2034]

Role of the stability of a weight-update system - example
One epoch of gradient descent (GD) adaptation of recurrent QNU to predict MacKey-Glass equation (training 
data vs. neural output) [M. C. Mackey, L. Glass (1977): Oscillation and chaos in physiological control systems. 
Science, vol. 197, no. 4300, pp. 287–289]



Stability of learning entropy based detection

HONU is generally in-parameter linear nonlinear architecture (IPLNA) and the predictor 	
is in the form:

In this case, the time-variant state-space representation of such system is in the form:

[G. Dohnal, I. Bukovsky, P. M. Benes, K. Ichiji and N. Homma (2020): Letter on Convergence of In-
Parameter-Linear Nonlinear Neural Architectures With Gradient Learnings.  IEEE Transactions on 
Neural Networks and Learning Systems]

It can be shown, that stability of the IPLNA system depends on a properties of the local 
matrix of dynamics A(k), which is in the form:

In the case of classical stability (e.g., Ljapunov), we ask 𝜌(A(k)) < 1.



Stability of learning entropy based detection

HONU is generally in-parameter linear nonlinear architecture (IPLNA) and the predictor 	
is in the form:

In this case, the time-variant state-space representation of such system is in the form:

[G. Dohnal, I. Bukovsky, P. M. Benes, K. Ichiji and N. Homma (2020): Letter on Convergence of In-
Parameter-Linear Nonlinear Neural Architectures With Gradient Learnings.  IEEE Transactions on 
Neural Networks and Learning Systems]

It can be shown, that stability of the IPLNA system depends on a properties of the local 
matrix of dynamics A(k), which is in the form:

In the case of classical stability (e.g., Ljapunov), we ask 𝜌(A(k)) < 1.

For the IPLNA, the bounded-input-bounded-state stability (BIBS) is defined as follows:

If there exist two positive constants                         ,    such that for all             	
                                                                                          ,	
then the system is BIBS.      
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Let us consider a IPLNAs system with time-variant state-space representation in the 
form
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w(k + 1) = A(k) ·w(k) +B(k) · u(k)

The bounded-input bounded-state (BIBS) stability concept is recently popular in 
neural networks. We introduce the Bounded-input bounded-state stability (BIBS) 
concept for weight convergence of a broad family of incremental gradient learning 
IPLNAs.

We can show that the input-to-state stability (ISS) concept and BIBS stability generally 
apply to the gradient learning algorithms and their many modifications for IPLNAs. 

Definition 2: The system is BIBS stable if there exist positive constants 0 < Lu, Lw < ∞, 
such that the conditions                                                                       imply that                                                                                                                                                                      
.  

The system is BIBO stable if there exist constants 0 < Lu, Ly < ∞, such that the above 
condition implies that                                           .
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w(k0) = 0, ||u(k)||  Lu 8k > k0
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||w(k)||  Lw 8k > k0
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||y(k)||  Ly 8k > k0

[ Z. Wang and D. Liu, “Stability analysis for a class of systems: From model-based methods to data-driven 
methods,” IEEE Trans. Ind. Electron., vol. 61, no. 11, pp. 6463–6471, Nov. 2014, doi: 10.1109/
TIE.2014.2308146. ]



37

<latexit sha1_base64="jyqj8G1LFbf7vYafConZVq5OkUY="></latexit>

w(k + 1) =
⇣
I� ⌘(k) · g(x) · g(x)T

⌘
·w(k) + ⌘(k) · y(k) · g(x)

Recall the weight updates for IPLNAs using gradient descent learning rule result 
in

Theorem 1:  Time-variant discrete-time weight-update IPLNAs system 

is BIBS stable if there exist constants  Lu,  MA  and  MB  for which 
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w(k + 1) = A(k) ·w(k) +B(k) · u(k)
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sup
k>k0

{||A(k)||} = MA < 1,
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{||B(k)||} = MB < 1.
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sup
k>k0

{||u(k)||} = Lu < 1,

Using notation                                                           ,                                    we have                            
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⌘
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u(k) = y(k) · g(x)

Applying a norm and using the triangle inequality we obtain

<latexit sha1_base64="CZ3RzmAaBieLc1otf4++Y8Iso98=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgapiZ1rYKQsWNywr2AZ2hZNJMG5p5kGSEUvobblwo4tafceffmGkrqOiBwOGce7knx084k8qyPozcyura+kZ+s7C1vbO7V9w/aMs4FYS2SMxj0fWxpJxFtKWY4rSbCIpDn9OOP77O/M49FZLF0Z2aJNQL8TBiASNYacm9dEOsRr6PrvqsXyxZ5nm96pw5yDItq+aUqxlxahWnjGytZCjBEs1+8d0dxCQNaaQIx1L2bCtR3hQLxQins4KbSppgMsZD2tM0wiGV3nSeeYZOtDJAQSz0ixSaq983pjiUchL6ejKLKH97mfiX10tVUPemLEpSRSOyOBSkHKkYZQWgAROUKD7RBBPBdFZERlhgonRNBV3C10/R/6TtmHbVrNxWSo2LZR15OIJjOAUbatCAG2hCCwgk8ABP8GykxqPxYrwuRnPGcucQfsB4+wSanZFn</latexit>

= Ai
<latexit sha1_base64="ZZu3NjVBg+dZEF6hzxFBsYhbQek=">AAAB+3icdVDLSsNAFJ34rPUV69LNYBFcaEjS2taFUOjGZQX7gDaEyXTSDp08mJmIJeRX3LhQxK0/4s6/cdJWUNEDA4dz7uWeOV7MqJCm+aGtrK6tb2wWtorbO7t7+/pBqSuihGPSwRGLeN9DgjAako6kkpF+zAkKPEZ63rSV+707wgWNwls5i4kToHFIfYqRVJKrl66GAZITz4MtN52eW2c0c/WyaVw2avaFDU3DNOt2pZYTu161K9BSSo4yWKLt6u/DUYSTgIQSMyTEwDJj6aSIS4oZyYrDRJAY4Skak4GiIQqIcNJ59gyeKGUE/YirF0o4V79vpCgQYhZ4ajIPKn57ufiXN0ik33BSGsaJJCFeHPITBmUE8yLgiHKCJZspgjCnKivEE8QRlqquoirh66fwf9K1DatmVG+q5WZjWUcBHIFjcAosUAdNcA3aoAMwuAcP4Ak8a5n2qL1or4vRFW25cwh+QHv7BPxCk8E=</latexit>

= Ck�1,i

[I. Bukovsky, G. Dohnal, P. M. Benes, K. Ichiji and N. Homma (2020): Letter on Convergence of In-
Parameter-Linear Nonlinear Neural Architectures With Gradient Learnings.  IEEE Transactions on 
Neural Networks and Learning Systems]
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Theorem 2:  Time-variant discrete-time weight-update IPLNAs systems with  
                                                                   are ISS.
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||A(i)||  q < 1, i > k0

Corollary:  An IPLNA, for which there exists a constant  0 < q < 1 such that 
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(I.e.,             is strictly increasing in x,                              ,                      and decreasing to 0  
in k, k→∞, function 𝛾(x) is strictly increasing in x,                                            )
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<latexit sha1_base64="N+DnCJY77HwWY9O5fxTKY+rEuvY=">AAAB83icbVBNS8NAEN34WetX1aOXYBEqSEmkaC9CwYvHCvYDmlA220m7dLMJuxOhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0gE1+g439ba+sbm1nZhp7i7t39wWDo6bus4VQxaLBax6gZUg+ASWshRQDdRQKNAQCcY3838zhMozWP5iJME/IgOJQ85o2gkzwsAacW5HF/cOv1S2ak6c9irxM1JmeRo9ktf3iBmaQQSmaBa91wnQT+jCjkTMC16qYaEsjEdQs9QSSPQfja/eWqfG2Vgh7EyJdGeq78nMhppPYkC0xlRHOllbyb+5/VSDOt+xmWSIki2WBSmwsbYngVgD7gChmJiCGWKm1ttNqKKMjQxFU0I7vLLq6R9VXWvq7WHWrlRz+MokFNyRirEJTekQe5Jk7QIIwl5Jq/kzUqtF+vd+li0rln5zAn5A+vzByZYkG4=</latexit>

�(0, k) = 0
<latexit sha1_base64="vXAzOVI6wqIe0F0ARYJIVdPh7ss=">AAACG3icbZDLSgMxFIYz9VbrbdSlm2ARWpAyU4p2Uyi4cVnBXqBTSibNtKFJZkgy0jL0Pdz4Km5cKOJKcOHbmLaz0NYfAj/fOYeT8/sRo0o7zreV2djc2t7J7ub29g8Oj+zjk5YKY4lJE4cslB0fKcKoIE1NNSOdSBLEfUba/vhmXm8/EKloKO71NCI9joaCBhQjbVDfLnuM8n4ygZ4OoUdFoKczb4g4R4VJsbYEl9CDKXOKNadv552SsxBcN25q8iBVo29/eoMQx5wIjRlSqus6ke4lSGqKGZnlvFiRCOExGpKusQJxonrJ4rYZvDBkAINQmic0XNDfEwniSk25bzo50iO1WpvD/2rdWAfVXkJFFGsi8HJREDNocpgHBQdUEqzZ1BiEJTV/hXiEJMLaxJkzIbirJ6+bVrnkXpUqd5V8vZrGkQVn4BwUgAuuQR3cggZoAgwewTN4BW/Wk/VivVsfy9aMlc6cgj+yvn4AAWmgEA==</latexit>

lim
x!1

�(x) = 1, �(0) = 0

Recall that A(k) is a Hermitian matrix and therefore                                         .               
<latexit sha1_base64="3VwfBzv8sNtw4+4Z1uBaIqT3mqQ=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICWRol1W3LisYB/QhjKZTtqhk0w6MxFK2p9w46+4caGIW8Gdf+MkzaK2Hhg4c8693HuPGzIqlWX9GLm19Y3Nrfx2YWd3b//APDxqSh4JTBqYMy7aLpKE0YA0FFWMtENBkO8y0nJHt4nfeiRCUh48qElIHB8NAupRjJSWeubFdNr1kRq6Hrwpjc71j5Ex7IohLy3qqTrumUWrbKWAq8TOSBFkqPfM726f48gngcIMSdmxrVA5MRKKYkZmhW4kSYjwCA1IR9MA+UQ6cXrVDJ5ppQ89LvQLFEzVxY4Y+VJOfFdXJpvKZS8R//M6kfKqTkyDMFIkwPNBXsSg4jCJCPapIFixiSYIC6p3hXiIBMJKB1nQIdjLJ6+S5mXZvipX7ivFWjWLIw9OwCkoARtcgxq4A3XQABg8gRfwBt6NZ+PV+DA+56U5I+s5Bn9gfP0CvVed4g==</latexit>

||A(k)||  ⇢(A(k)  q



In the case of classical stability (e.g., Ljapunov), we ask 𝜌(A(k)) < 1.

=> the weight dynamics is not strictly contractive - it is marginally stable.

• In this case: all eigenvalues of 𝜌(A(k)) equal to 1, but one which equals to 	
<latexit sha1_base64="6hcJVaTE3UDoRobexF9PZnoB7TA="></latexit>

1→ ω(k)
||g(x(k))||2

||g(x(k))||2 + ε
• therefore  𝜌(A(k)) = 1

<= there exists a direction in which the weights do not change (and don’t diverge)

Stability of learning entropy based detection

Geometrical illustration for	
 A=I−μgg⊤ (μ=0,5; g=[1;0]⊤) 	

blue = original, 	
red = transformed  



VI. Conclusions



• The condition 𝜌(A(k)) = 1 is too strong, in real learning we observe 𝜌(A(k))≈1 or 
𝜌(A(k)) = 1 + 𝜀 for some small 𝜀 > 0.

• This corresponds to: even if immediately ρ(A(k)) = 1, in the long run the average 
mass energy is damped because in the direction of the error the eigenvalue 
decreases to 1−𝜂(k).

Theorem: If the learning rate function 𝜂(k) satisfies the following inequality 

then the IPLNA system is BIBS.

• In other words: the system is BIBS stable because the weights remain bounded 
and do not explode even if the strict condition ρ < 1 is not met.

Conclusions



VII. Simulation study



Simulation study

y(t) = 0.6*y(t-1)+0.3*u(t)-0.12*u(t-1)+𝜖Process: 

learning rate: 
<latexit sha1_base64="ZkNdAiHH/0kU/T1qdUEwQeEm208=">AAACNHicbVDLSsNAFJ34rPUVdelmsAjtpiQi1Y1QdCO4qdAXNLFMppN26GQSZiZiCfkoN36IGxFcKOLWb3DSVtTWCzMczjmXe+/xIkalsqxnY2FxaXllNbeWX9/Y3No2d3abMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGF5neuiVC0pDX1SgiboD6nPoUI6WprnnlEIWKwxI8g44vEE6cIE71h9TA85N+WvyGd6l2lX6Em/qMlMKuWbDK1rjgPLCnoACmVeuaj04vxHFAuMIMSdmxrUi5CRKKYkbSvBNLEiE8RH3S0ZCjgEg3GR+dwkPN9KAfCv24gmP2d0eCAilHgaed2Z5yVsvI/7ROrPxTN6E8ihXheDLIjxlUIcwShD0qCFZspAHCgupdIR4gnZ3SOed1CPbsyfOgeVS2K+XK9XGhej6NIwf2wQEoAhucgCq4BDXQABjcgyfwCt6MB+PFeDc+JtYFY9qzB/6U8fkFeAmrWw==</latexit>

ω(k) =
µ

g(x(k))gT (x(k))
with different 𝜇

predictor:  LNU (Linear HONU)

where u(t) is white noise, 𝜖∼N(0, 0.06)
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Weight vector norm during online learning
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Thank you for your attention


