Information and uncertainty

) Zdenek Fabian
Ustav informatiky AVCR Praha

2018

Zdenék Fabian Ustav informatiky AVCR Praha

Information and uncertainty




Realization of continuous random variable

-80 ‘ ‘ ‘ 6 ‘ 80

What amount of information/uncertainty it carries ?
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Knowing model,

Distribution F : f(x)

-80 ‘ 0 ‘ 80
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we ask :

Density of information /(x) ?
Density of uncertainty U(x) ?
Mean values I* of /(x) and U* of U(x) ?

Distribution F : )

0 0 ‘ F)
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Response from information theory: U* = hg?

Mean uncertainty of distribution is differential entropy, the
continuous equivalent of Shannon’s entropy,

1
hg = E(—logf) = /x log mf(x) dx
However, he could be negative: for normal distribution

he = log(V2reo)
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Forming the differential entropy
standard normal :

1 1,2 1
f(x) = —e 2% Ug(x) = —log f(x) = log v2r + = x?
hr = [T Ue(x)f(x) dx
20\ T T 0.4
15 03 Ugb) 09
UE(x) =-log f(x)
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Response from statistics

Statistical information concept is Fisher information, defined
with respect to parameters of parametric distributions

Let’s have f(x;8),0 = (61, ...,0m) € © C R™. Fisher (likelihood)
scores are

Yi(x) = Iog f(x;0), j=1,..m, 0c®©

Fisher information for t; is mean information

I(6)) = Ey?

which carries x about 6;
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Expected relation between [* and U*

1.4,

1.2

1

0.8
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For normal distribution

1 _1(x=py2
f(x;p,0) = o 2 (55

% is Fl for the mode
We suppose that U* = . = 52

Fisher information for u I*
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Expected relation between /(x) and U(x)

08

Zdenék Fabian Ustav informatiky AVCR Praha

Information and uncertainty




Score function of distributions with X = R
Score function

_ )
S(x)=— 0
For location model F(x — ), u € R it holds that

55109 X = 1) = ~ s oF(x = ) = S(x =)

0.4 3,
04 /\ )
0.35- J/ \ --- hyperbolic
64 60 — normal
T i o 1
— logistic
0.25- --- Cauchy o
02-
0.15 -1
0.1-
-2
0.05
3
6 4 2 0 2 4 6
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Solution for normal distribution

mf(X;p,0)=— ezl

2mo

X—p\2
=)
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Solution for normal distribution

m f(xip0) = e e
_ K=
S(x) = =
- 2
g o
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Solution for normal distribution

mf(X;p,0)=— ezl

2mo

X—p\2
=)
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Forming of ¥ and U* for normal

IF = [7°_1(x)f(x) dx

08 T T T 0.5
. —10¢) fx) 04 =15
06- =075 1 -
° — U(Y) ) — 1) f00)

b — U f

ol ) f(x)
02

0.2- o

(-}6 4 2 0 2 4 6 96 4 2 0 2 4 6
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Distributions with U* = [ = 1
distributions with full support

5
U )
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Table: Distributions on R

_ X—p
Set u= e
name f(x) S(x) U
Gumbel Teueg® llev-1) o?
extremeval. leve ¢’ l(1-eY) 42
1 _1 _au_ 2
Cauchy 10._ﬂ.1+_uz 11+u21 20'2
. e u u—
logistic AT S 3o
a _ X
prot. gamma F‘be"xe e yexx— a 1/041
1 e pe*—q p+a+
prot. beta B(p,q) (&+1)P79 e +1 prq

For U* =1, I(x) = U(x). For o = const., normal is not a
maximum uncertainty distribution

u]
]
I
nl
it
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Distributions with partial support X # R
The presented approach is quite natural, but it is not used in
statistics. The reason is, apparently, that the score function

()
5P ="

of distributions with partial support is out of use (cf. uniform
distribution). We suggested the idea that one can consider
distributions with partial support as transformed “"prototypes”
with full support, F(x) = G(n(x)).
Density of F is

F(x) = g(n(x)) (x)

Define t-score of F as

Te(x) = Sa(n(x))
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Properties of t-scores

i/ t-score can be rewritten into

1 d 1
TF) = =) ax Lﬂx) ' (X)]

i/ n(x) = log(x) if X = (0, 00)
n(x) =log % if X = (0,1)

iii/ x* : Te(x) = 0 is central value: it is the "image” of the mode
of the "prototype” G

iv/ Let F: F(x;0) and § = (7,05, ...) Then Fisher score for
T~ Te(x;7)

u]
@
I
il
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S(x) = const x Te(x)

information density

I(x) = S?(x)
uncertainty density
_ Ix)
. 1
U=F
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Examples from X = (0, o0)

F f(x) SF(x) x* U
lognormal ﬁe—% 0g*()°  clog(X)e 7 B
exponential le=x/ x_1) o -2

. _(X\C 7_2
Weibull %(é()c/e) (17) exe—1] r =

isti c_(x/T)°” ¢ (x/T)°~1 372
loglogistic A R g e - 1s
gamma - sgre o) 2 E

. ) _ L g
betaprive  spoeie G b g
=} = = = =
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Weibull and beta-prime Uj, = 9/¢?  Ujp = w?

Weibull beta-prime
06 06 T T :
—c= 05
x) /\ e ‘1’-7
0.4 0.4
o, 4 \\ — 2
/l A - 4
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w and differential entropy

F el w=+vU*
normal V2reo o
Cauchy 4o V2o
exponential er T
lognormal Verer/c T/C
Weibull el1+e(1=1/0)) /¢ r/c
uniform, p) b-—a \/Tg(b —a)

5 =
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Thank you for your attention
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