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Realization of continuous random variable

What amount of information/uncertainty it carries ?
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Knowing model,
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Information and uncertainty



we ask :

Density of information I(x) ?
Density of uncertainty U(x) ?
Mean values I∗ of I(x) and U∗ of U(x) ?

I∗ =
∫
X I(x)f (x) dx U∗ =

∫
X U(x)f (x) dx
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Information and uncertainty



Response from information theory: U∗ = hF?

Mean uncertainty of distribution is differential entropy, the
continuous equivalent of Shannon’s entropy,

hF = E(− log f ) =

∫
X

log
1

f (x)
f (x) dx

However, hF could be negative: for normal distribution

hF = log(
√

2πeσ)
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Forming the differential entropy
standard normal :

f (x) =
1√
2π

e−
1
2 x2

UE (x) = − log f (x) = log
√

2π +
1
2

x2

hF =
∫∞
−∞UE (x)f (x) dx
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Response from statistics

Statistical information concept is Fisher information, defined
with respect to parameters of parametric distributions

Let’s have f (x ; θ), θ = (θ1, ..., θm) ∈ Θ ⊆ Rm. Fisher (likelihood)
scores are

ψj(x) =
∂

∂θj
log f (x ; θ), j = 1, ...,m, θ ∈ Θ

Fisher information for θj is mean information

I(θj) = Eψ2
j

which carries x about θj
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Expected relation between I∗ and U∗

For normal distribution

f (x ;µ, σ) =
1√
2πσ

e−
1
2 ( x−µ

σ
)2

Fisher information for µ I∗ = 1
σ2 is FI for the mode

We suppose that U∗ = 1
I∗ = σ2
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Expected relation between I(x) and U(x)
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Score function of distributions with X = R
Score function

S(x) = − f ′(x)

f (x)

For location model F (x − µ), µ ∈ R it holds that

∂

∂µ
log f (x − µ) = − 1

f (x − µ)

d
dx

f (x − µ) = S(x − µ)
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Solution for normal distribution

f (x ;µ, σ) = 1√
2πσ

e−
1
2 ( x−µ

σ
)2

S(x) =
x − µ
σ2

I(x) = S2(x) =
(x − µ)2

σ4 I∗ = EI =
1
σ2

U(x) =
I(x)

[EI]2
= (x − µ)2 U∗ = EU = σ2
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Information and uncertainty



Solution for normal distribution

f (x ;µ, σ) = 1√
2πσ

e−
1
2 ( x−µ

σ
)2

S(x) =
x − µ
σ2

I(x) = S2(x) =
(x − µ)2

σ4 I∗ = EI =
1
σ2

U(x) =
I(x)

[EI]2
= (x − µ)2 U∗ = EU = σ2
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Forming of I∗ and U∗ for normal

I∗ =
∫∞
−∞ I(x)f (x) dx
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Distributions with U∗ = I∗ = 1
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Information and uncertainty



Table: Distributions on R

Set u = x−µ
σ

name f (x) S(x) U∗

Gumbel 1
σeueeu 1

σ (eu − 1) σ2

extreme val. 1
σe−ue−e−u 1

σ (1− e−u) σ2

Cauchy 1
σπ

1
1+u2

2u
1+u2 2σ2

logistic 1
σ

u
(u+1)2

1
σ

u−1
u+1 3σ2

prot. gamma γα

Γ(α)eαxe−γex
γex − α 1/α

prot. beta 1
B(p,q)

epx

(ex +1)p+q
pex−q
ex +1

p+q+1
pq

For U∗ = 1, I(x) = U(x). For σ = const ., normal is not a
maximum uncertainty distribution
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Distributions with partial support X 6= R
The presented approach is quite natural, but it is not used in
statistics. The reason is, apparently, that the score function

SF (x) = − f ′(x)

f (x)

of distributions with partial support is out of use (cf. uniform
distribution). We suggested the idea that one can consider
distributions with partial support as transformed ”prototypes”
with full support, F (x) = G(η(x)).
Density of F is

f (x) = g(η(x))η′(x)

Define t-score of F as

TF (x) = SG(η(x))
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Properties of t-scores

i/ t-score can be rewritten into

TF (x) = − 1
f (x)

d
dx

[
1

η′(x)
f (x)

]
ii/ η(x) = log(x) if X = (0,∞)
η(x) = log x

1−x if X = (0,1)

iii/ x∗ : TF (x) = 0 is central value: it is the ”image” of the mode
of the ”prototype” G

iv/ Let F : F (x ; θ) and θ = (τ, θ2, ...) Then Fisher score for
τ ∼ TF (x ; τ)
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S(x) = const ∗ TF (x)

information density
I(x) = S2(x)

uncertainty density

U(x) =
I(x)

[EI]2

U∗ =
1
I∗
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Examples from X = (0,∞)

F f (x) SF (x) x∗ U∗

lognormal c√
2πx

e−
1
2 log2( x

τ
)c c

τ log(x
τ )c τ τ2

c2

exponential 1
τ e−x/τ 1

τ (x
τ − 1) τ τ2

Weibull c
x (x

τ )ce−( x
τ

)c c
τ [(x

τ )c − 1] τ τ2

c2

loglogistic c
τ

(x/τ)c−1

[(x/τ)c+1]2
c
τ

(x/τ)c−1
(x/τ)c+1 τ 3τ2

c2

gamma γα

xΓ(α)xαe−γx γ2

α (x − x∗) α
γ

α
γ2

beta-prime 1
B(p,q)

xp−1

(x+1)p+q
q2

p
x−x∗

x+1
p
q

p(p+q+1)
q3
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Weibull and beta-prime U∗W = 9/c2 U∗BP = ω2
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ω and differential entropy

F ehF ω =
√

U∗

normal
√

2πeσ σ

Cauchy 4πσ
√

2σ
exponential eτ τ

lognormal
√

2πe τ/c τ/c
Weibull e(1+ε(1−1/c)) τ/c τ/c
uniform(a,b) b − a

√
3

4 (b − a)
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Thank you for your attention
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